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We investigate the topological protection of surface states in Weyl and nodal-line semimetals by
characterizing them as evanescent states when the band structure is extended to complex momenta.
We find in this way a sequence of exceptional points —that is, branch points with zero energy in
the complex spectrum— allowing us to identify the set of surface states with complex momentum
signaling the decay into the 3D semimetal. From this point of view, Weyl and nodal-line semimetals
can be classified in two types depending on the way surface states decay. Type A semimetals
have surface states with smaller penetration length and oscillating decay while type B semimetals
have longer simple exponential decays. The difference between both types reflects in the way the
branch cuts in the spectrum accommodate in the complex plane. The stability of the surface states
stems in this approach from the complex structure that develops around the exceptional points,
with a topological protection which is based on the fact that the branch cuts cannot be closed by
small perturbations. We check this property when nodal-line semimetals are placed under circularly
polarized light, where we observe that the exceptional points survive the effect of such a perturbation,
though appropriate boundary conditions for zero-energy surface states cannot be satisfied in general
due to the breakdown of time-reversal invariance by the radiation field.
I. INTRODUCTION
Topological materials have become a primary target
of research in the last few years due to their exceptional
properties with high potential for applications1,2. The
bulk-edge correspondence and the topological protection
of edge states is on the basis of the interesting proper-
ties of systems with topologically non-trivial band struc-
ture. In topological insulators, the quantity controlling
the topological protection is the inverted gap between
bands arising from the crystal structure of the material.
A perturbation must be strong enough to close the gap
in order to destroy the edge states of the material.
In band theory, a semimetal is usually defined as a
material with no gap in the band structure but with a
very small overlap between the valence and the conduc-
tion band, resulting in a small density of states around
the Fermi energy. A typical example is bismuth which
has intermediate properties between an insulator and a
metal3. In topological band theory, however, it is cus-
tomary to work with a more strict definition by which a
semimetal is a material with no gap but also no Fermi
surface, so the conduction and valence bands touch only
at isolated points. The semimetal so defined is really a
distinct phase intermediate between insulators and met-
als, the most famous example being graphene4. Although
the Dirac nodes in the 2D Brillouin zone of graphene are
not topologically protected, in three dimensions we have
the last additions to the family of topological materials,
which include Dirac and Weyl semimetals with isolated
Dirac or Weyl nodes in the band structure5–8, and the
nodal-line semimetals with a continuous line of nodes in
the Brillouin zone9.
The surface states corresponding to these topological
semimetals lie on constant energy contours which do not
form in general closed curves. In the case of the Weyl
and Dirac semimetals, the surface states lead to the cel-
ebrated Fermi arcs joining the projection of the nodes
onto the given surface. For nodal-line semimetals, the
surface states form the so-called drumhead within the
nodal circle9–11. In the Weyl semimetals, such states are
topologically protected and Chern numbers can be de-
fined in the planes lying between Weyl nodes12,13. The
physical quantity measuring this protection is the sepa-
ration of the nodes in momentum space. The situation is
less clear for Dirac semimetals in which a simple appli-
cation of bulk-surface correspondence does not provide
with an answer to whether or not the surface states are
topologically protected. Recent works have discussed the
stability of the surface states in 3D semimetals14–16. In
this regard, an alternative description of the topological
protection of surface states in 3D topological semimetals
is very desirable. Here, we provide such a description
by extending the band structure in momentum space to
complex momenta.
The convenience of taking complex values of the mo-
mentum is motivated by the search of evanescent states
in the 3D semimetals. When the momentum is pro-
moted to a complex quantity, the Hamiltonian of the
system becomes non-Hermitian, but it is still possible to
find exceptional points in the spectrum, that is, branch
points where the imaginary part of the eigenvalue van-
ishes. This allows one to identify the set of evanescent
states with complex momentum that signals the decay
into the 3D semimetal. Such states are endowed with
topological protection, which arises naturally from the
fact they are attached to branch cuts that cannot be re-
moved under small perturbations. This description based
on the identification between evanescent states and ex-
ceptional points was pioneered in a previous work de-
scribing surface states in Weyl semimetals in the presence
of circularly polarized light17. Recently, rings of excep-
tional points have been also found in dissipative systems
which are based on Weyl semimetals18.
2When looking for evanescent states in the spectrum of
the 3D semimetals, we have found that these can be clas-
sified in two different groups, depending on the pattern
of the branch cuts in the plane of complex momentum.
Thus, there is a class of 3D semimetals, that we denote
as type A, where most part of the branch cuts run in
parallel crossing the real axis. The corresponding excep-
tional points form then quartets belonging to the same
branch of the spectrum, with each member of a quar-
tet in a different quadrant of the complex plane. In the
other class, that we denote as type B, all the branch cuts
can be disposed instead along the imaginary axis, lack-
ing the nontrivial realization of symmetry found in the
type A class. From the physical point of view, this in-
troduces also an important difference between the two
classes, as the quartets found in the type A semimetals
provide a higher degree of topological protection, quan-
tified in terms of a larger length of the branch cuts and a
much smaller penetration length of the evanescent states
in the 3D semimetal.
Note that this classification has a different origin than
the classification into type I and type II Weyl semimetals,
that depends on whether the density of states vanishes at
the nodal points or has some extra contributions due to
the tilting of the Weyl nodes19,20. Although we have only
explored a model describing a type I Weyl semimetal in
this work, we expect our classification to be supplemen-
tary to the classification into type I and type II Weyl
semimetals, that is, we expect to be type A semimetals
of type I and type II and type B semimetals also of both
type I and II.
The stability of the surface states stems in our ap-
proach from the complex structure that develops for com-
plex momentum, where different bands can be seen as dif-
ferent branches of the Riemann surface giving the spec-
trum. In this framework, a pair of exceptional points
and the respective evanescent states can be only anni-
hilated by merging the branch points, provided they lie
in the same branch of the spectrum. This picture al-
lows us to establish a connection with the usual account
of the topological protection of surface states, which re-
quires making a 2D projection of the 3D band structure
to open a gap in the spectrum. In our approach a gap
also exists, but this is now seen as the separation opened
between different branches along a branch cut in the com-
plex spectrum. Such a gap can be closed only as long as
the exceptional points at the two ends of the branch cut
are made to coalesce, which provides an alternative un-
derstanding of the topological protection in the plane of
complex momentum.
In this paper we apply the complex structure devel-
oped around the exceptional points to investigate the
stability of the surface states in 3D Weyl and nodal-line
semimetals. We are going to see that this approach pro-
vides a very robust picture of the evanescent states in
these systems. This will be checked in particular in the
case of the nodal-line semimetals under circularly polar-
ized light, which is an instructive example since that may
not be in general a small perturbation of the semimetal.
We will see that the exceptional points survive indeed
the effect of the electromagnetic field, though appropri-
ate boundary conditions for surface states cannot be sat-
isfied in general due to the breakdown of time-reversal
invariance by the radiation field.
The paper is organized as follows. In Sec. II, we
consider Weyl semimetals and their surface states on
the light of our approach to look for evanescent states
with complex momentum. Then, in Sec. III we con-
sider nodal-line semimetals, their bulk and their surface
states in cylindrical coordinates which are well-suited to
the problem. In Sec. IV, we use the same approach to
study the behavior of evanescent states in the case of a
periodic perturbation of the nodal-line semimetal by cir-
cularly polarized light. We finish with some conclusions
of our study in Sec. V.
II. WEYL SEMIMETAL
We consider a simple model for a Weyl semimetal with
Hamiltonian
Hw = (m0 +m1∇
2)σz − iv∂zσx − iv∂yσy . (1)
The energy-momentum dispersion as a function of the
3D momentum k is given then by
ε = ±
√
(m0 −m1k2)2 + v2k2y + v
2k2z . (2)
It turns out that the valence and conduction bands touch
at Weyl points located in the line ky = kz = 0 with
kx = ±
√
m0
m1
. (3)
In this model we may look for surface states charac-
terized by wavefunctions decaying for instance in the z
direction as
φ(x, y, z) ∼ eikzze−αzf(x, y), (4)
with α > 0 corresponding to the inverse of the pene-
tration length. The action of the Hamiltonian becomes
particularly simple if we concentrate on the set of states
φkx,kz,+(x, y, z) = e
ikxxeikzze−αz|+〉 (5)
φkx,kz ,−(x, y, z) = e
ikxxeikzze−αz|−〉 (6)
with the spinor part corresponding to the eigenvectors of
σy
|+〉 =
(
1
i
)
, |−〉 =
(
1
−i
)
. (7)
We get in this way
3Hwφkx,kz,+ =
(
m0 −m1(k
2
x + k
2
z − α
2 + 2ikzα) + iv(kz + iα)
)
φkx,kz ,− (8)
Hwφkx,kz,− =
(
m0 −m1(k
2
x + k
2
z − α
2 + 2ikzα)− iv(kz + iα)
)
φkx,kz ,+. (9)
Then we can identify a collection of zero-energy modes
in the set of states {φkx,kz,+} by canceling out the right-
hand-side of Eq. (8) (assuming that m0 > 0,m1 > 0, v >
0). This leads to two types of solutions, either
α =
v
2m1
(10)
kz = ±
√
m0
m1
− k2x − α
2 (11)
or
α =
v ±
√
v2 − 4m1(m0 −m1k2x)
2m1
(12)
kz = 0 (13)
For a given kx, two independent states with α > 0 exist
as long as k2x ≤ m0/m1. We note that the actual wave
function corresponding to a surface state must be a lin-
ear combination of the solutions with + and − signs (in
either (10)-(11) or (12)-(13)) in order to fulfill appropri-
ate boundary conditions (for example in a semi-infinite
plane, making the wave function to vanish at z = 0).
This collection of evanescent states maps therefore the
celebrated Fermi arcs with |kx| ≤
√
m0/m1, which join
the projection of the Weyl points onto a given surface of
the semimetal.
The solution corresponding to Eqs. (10)-(11) is valid
when 4m1m0 > v
2. In this case, there is however a por-
tion of the Fermi arcs, closer to the endpoints, where
the states change to the form given by Eqs. (12)-(13).
In the regime 4m1m0 < v
2, all the states in the Fermi
arcs correspond instead to this latter representation of
the evanescent eigenstates. In what follows, we will see
that there is indeed a clear distinction between two dif-
ferent types of surface states, allowing us to discern two
different regimes of Weyl semimetals that we denote as
type A (for 4m1m0 > v
2) and type B (for 4m1m0 < v
2).
In Fig. 1 we show numerical calculations for an
equivalent tight-binding Hamiltonian in a slab of width
W = 1000 nm in the z direction, for two different ex-
amples pertaining to type A and type B semimetals.
The appearance of the band structure is very similar in
the two regimes, with the Fermi arcs joining the projec-
tion of the Weyl nodes. However, in the type B regime
(4m1m0 < v
2) the Fermi arc states have a penetra-
tion length (1/α) that increases with the value of |kx|
until it diverges at the projection of the Weyl nodes.
In the type A regime (4m1m0 > v
2), the states with
k2x < m0/m1 − v
2/4m21 have a very small penetration
length 2m1/v which would be typically of the order of a
few unit cells in real materials. However, the probability
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FIG. 1: Probability density in logarithmic scale across the
z direction of surface states in the Fermi arcs with kx = 0.
We compare two different cases, one with some oscillatory de-
pendence in the z direction corresponding to a type A Weyl
semimetal (red line, m0 = 0.35 eV, m1 = 1.0 eV nm
2, v = 1.0
eV nm) and another with pure exponential decay correspond-
ing to a type B Weyl semimetal (black line, m0 = 0.35 eV,
m1 = 1.0 eV nm
2, v = 4.0 eV nm). In the inset the same
figure is shown in normal scale.
density oscillates as it decays. For larger values of k2x,
the penetration length grows until it diverges again at
the projection of the Weyl nodes, and the wave function
for z is just a decaying exponential without oscillations.
Within this approach, we can also analyze the role that
the evanescent states play in the spectrum of the Hamil-
tonian Hw, as this becomes a non-Hermitian operator
acting on the basis (5)-(6). In the subspace spanned by
this set of states, the eigenvalues of Hw turn out to be
according to (8)-(9)
λ = ±
√
(m0 −m1(k2x + (kz + iα)
2))
2
+ v2(kz + iα)2
(14)
It can be seen that the particular values satisfying the
zero-mode conditions (10)-(11) and (12)-(13) correspond
to branch points in the complex spectrum ofHw, both for
4m0m1 > v
2 and 4m0m1 < v
2. We find therefore that
the evanescent states we have identified correspond to
so-called exceptional points21,22 in the spectrum of Hw,
when this is mapped as a function of the complex mo-
mentum kz + iα. This highlights that there is a complex
structure behind the surface states of the Weyl semimet-
als, which has important implications for their stability.
The structure of the branch cuts in the complex plane
kz + iα is different however, depending on whether we
consider the type A regime (4m0m1 > v
2) or the type
4(a)
(b)
FIG. 2: Contour plots of the absolute value of the imaginary
part (a) and the real part (b) of the eigenvalue in (14) for kx =
0 and m0 = 1.0 eV, m1/a
2 = 1.0 eV, v/a = 0.2 eV, a being a
microscopic length scale in the model. kz and α are measured
in units of a−1. Lighter colors correspond to increasing energy
values and dark colors represent regions close to zero.
B regime (4m0m1 < v
2) of the Weyl semimetal. In
the first case, the states in the Fermi arcs with k2x <
m0/m1 − v
2/4m21 correspond to branch points that are
away from the imaginary axis, as represented in Fig.
2, where it can be observed the branch cuts that de-
velop from the location of the zero-energy modes. The
branch cuts fall eventually into the imaginary axis for
k2x > m0/m1 − v
2/4m1, where we know that the evanes-
cent states must be in accordance with (12)-(13). In the
type B regime, however, the branch cuts are found in the
imaginary axis for all the states in the Fermi arcs, with
a typical structure represented in Fig. 3.
The different structure of the branch cuts in the type A
and type B regimes of the Weyl semimetal can be actually
ascribed to a different realization of the symmetries of the
Hamiltonian (1). This is in particular invariant under the
spatial inversion, which can be represented as an operator
I with an action on the states φ(x, y, z) given by
I : φ(x, y, z)→ σz φ(−x,−y,−z) (15)
The Hamiltonian (1) has moreover an enlarged symmetry
when the dynamics is constrained to states that do not
(a)
(b)
FIG. 3: Contour plots of the absolute value of the imaginary
part (a) and the real part (b) of the eigenvalue in (14) for kx =
0 and m0 = 0.5 eV, m1/a
2 = 1.9 eV, v/a = 2.4 eV, a being a
microscopic length scale in the model. kz and α are measured
in units of a−1. Lighter colors correspond to increasing energy
values and dark colors represent regions close to zero.
depend on the y coordinate, as in the above discussion.
Then Hw becomes invariant under a transformation T
that acts like time-reversal invariance, given in terms of
the operation of complex conjugation K as
T : φ(x, y, z)→ Kσz φ(x, y, z) (16)
Thus, in the structure represented in Fig. 2 for the type A
regime of the Weyl semimetal, the two branch points re-
lated by the inversion of the complex momentum kz+ iα
correspond to states that are mapped onto each other
by the action of I. On the other hand, the transforma-
tion T is realized in the complex plane as the inversion
kz → −kz. This accounts for the fact that the same state
φ(x, y, z) (with y = const.) is found at the two branch
points related by such an inversion of the momentum kz.
The fact that one finds the same evanescent state at
branch points with momenta kz and −kz is important
from the point of view of the stability of the surface
states. As already mentioned, two independent states
φ(x, y, z) are needed in order to build a surface state that
may vanish on the boundary of the system, say for in-
stance on the plane z = 0. This requirement can be satis-
5fied in the type A regime of the Weyl semimetal from the
symmetry enforced by the T operation. Then, the sur-
face states with kz 6= 0 turn out to be protected due to
the particular structure of the branch cuts, which cannot
be undone unless the branch points are made to coalesce
in pairs. Such kind of topological protection holds also
but to a lesser degree in the type B regime of the Weyl
semimetal. In that case, the evanescent states correspond
to branch points with more variable separation along the
imaginary axis, which can merge therefore under weaker
perturbations.
We find that the exceptional points endow in general
the surface states with topological protection, as the non-
trivial topology of the branch cuts cannot be modified
with small perturbations. When the exceptional points
realize the I and T symmetry operations, that protection
can be also quantified in terms of the distance separating
each pair in a quartet of exceptional points. Alterna-
tively, this protection can be also understood from the
existence of a gap that opens up along each branch cut,
as observed in Figs. 2 and 3, though here we realize that
this is just an effect of a more involved picture relying on
the full complex structure unveiled in the (kz, α) plane.
III. NODAL LINE SEMIMETAL
A. Bulk states
Our starting point is a model of nodal line semimetal
with a Hamiltonian
HNL = (m0 +m1∇
2)σz − iv∂zσx (17)
In terms of the 3D momentum k, the eigenvalues of (17)
are given by
ε = ±
√
(m0 −m1k2)2 + v2k2z (18)
This model has then a line of nodes in the plane kz = 0,
given by the circular set
k2x + k
2
y =
m0
m1
(19)
When looking for energy eigenstates, we can con-
centrate on modes with well-defined angular momen-
tum, with wavefunction ψ such that in polar coordinates
(r, θ, z)
ψ(r, θ, z) ∼ eikzzeimθf(r) (20)
The spectrum can be obtained then by solving the eigen-
value problem
[
m0 +m1
(
1
r
∂
∂r
(
r
∂
∂r
)
−
m2
r2
− k2z
)]
σzψ
(m)
kz
+ vkzσxψ
(m)
kz
= εψ
(m)
kz
(21)
In the case of bulk zero-energy modes, we see from (21)
that they can be expressed in terms of Bessel functions
Jm as
ψ
(m)
0,+ (r, θ, z) = e
imθJm(kr)|u〉 (22)
ψ
(m)
0,− (r, θ, z) = e
imθJm(kr)|d〉 (23)
with k =
√
m0/m1 and the spinor part given by the
eigenvectors of σz
|u〉 =
(
1
0
)
, |d〉 =
(
0
1
)
(24)
It turns out that, in this particular representation, the
states corresponding to the nodal line are labeled by the
integer values m of the projection of the angular momen-
tum along the z direction.
B. Surface states
We are interested in surface states that take the form
of evanescent waves localized at the boundary of the 3D
semimetal. It can be easily seen that there is a huge set
of these states characterized by the evanescence in the z
direction, with wavefunction χ decaying as
χ(r, θ, z) ∼ eikzze−αzeimθf(r) (25)
The zero-energy modes have to correspond in particular
to solutions of the equation
6[
m0 +m1
(
1
r
∂
∂r
(
r
∂
∂r
)
−
m2
r2
− k2z + α
2 − 2ikzα
)]
σzχ
(m)
kz
+ v(kz + iα)σxχ
(m)
kz
= 0 (26)
First of all, the imaginary terms must cancel out in
(26). This means that the solutions must be necessarily
proportional to the eigenvectors |±〉 of σy given in (7).
Taking the first spinor, one obtains the constraint
− 2im1kzα+ ivkz = 0 (27)
which leads to either
α =
v
2m1
(28)
or
kz = 0. (29)
Similarly to the case of the Weyl semimetals, the condi-
tion (28) gives rise to evanescent states with oscillatory
decay while the condition (29) results in an exponential
decay without oscillations. If we choose otherwise the
second spinor in (7), that changes the sign of the last
term in the left-hand-side of (26), which prevents the
existence of evanescent states with kz 6= 0 (for v > 0,
m1 > 0) and does not allow either to find solutions with
α > 0 when kz = 0 (as we see in what follows).
Taking the value of α in (28), it turns out that the
evanescent states are given by the solutions of Eq. (26)
χ
(m)
kz ,+
(r, θ, z) = eikzze−αzeimθJm(krr)|+〉 (30)
with
kr =
√
m0
m1
− k2z − α
2. (31)
If instead we adopt the condition (29), the corresponding
values of α become
α =
v ±
√
v2 − 4m1(m0 −m1k2r)
2m1
(32)
which implies a penetration length 1/α diverging at the
line of nodes. The relation (31) only makes sense if
4m0m1 > v
2, while in the regime 4m0m1 < v
2 all the
evanescent states are found using (32). As in the case of
the Weyl semimetal, this disjunctive allows us to distin-
guish between two different classes of nodal line semimet-
als, that we denote as type A (for 4m0m1 > v
2) and
type B (for 4m0m1 < v
2). The type A corresponds to
the regime that is expected to hold for realistic materials
providing examples of nodal line semimetals. From the
physical point of view, the two classes A and B can be
discerned by the different penetration of the drumhead
surface states into the material, which shows for a slab
practically the same behavior as represented in the case
of the Weyl semimetal in Fig. 1.
From a formal point of view, the difference between
type A and type B nodal line semimetals lies in the
distinctive complex structures that develop in the plane
(kz , α). In a type A nodal line semimetal which has for
instance a finite circular section at the boundary z = 0,
the values of kr become quantized, which turns into the
consequent quantization of the momentum kz. It can
be seen that the allowed values of kz + iα leading to
evanescent states emerge then as exceptional points in
the extension of the momentum kz to the complex plane,
as represented in Fig. 4. Those can be characterized
indeed as branch points in the spectrum of the Hamilto-
nian for complex momentum, leading to branch cuts that
run down to homologous branch points with the reversed
sign of α.
(a)
(b)
FIG. 4: Contour plots of the absolute value of the imaginary
part (a) and the real part (b) of the lowest eigenvalue in the
spectrum of HNL for evanescent states with angular momen-
tum m = 0 in a semi-infinite cylindrical geometry with radius
R = 100a (a being the microscopic length scale in the model),
for m0 = 0.1 eV, m1/a
2 = 4.0 eV, v/a = 0.1 eV. The units
and the intensity code are the same as in Fig. 2.
We observe in Fig. 4 that the exceptional points can be
grouped forming quartets, which is a consequence of the
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FIG. 5: Plot of the absolute value of the real part (blue lines)
and the imaginary part (red lines) of the lowest eigenvalue
in the spectrum of HNL for evanescent states with angular
momentumm = 0 in a semi-infinite cylindrical geometry with
radius R = 100a (a being the microscopic length scale in the
model), for m0 = 0.1 eV, m1/a
2 = 2.0 eV, v/a = 1.0 eV. The
units are the same as in Fig. 2.
invariance of the Hamiltonian (17) under the operations
defined by (15) and (16). We have actually
[HNL, I] = 0 (33)
[HNL, T ] = 0 (34)
The invariance under T is responsible for the fact that
each pair of evanescent states with opposite sign of kz
may have the same wavefunction at z = 0. This symme-
try is crucial in order to enforce the boundary conditions
for the surface states at the edge of the semimetal, allow-
ing to build for instance linear combinations of evanes-
cent states that vanish at z = 0. Moreover, the stability
of the surface states is also guaranteed by the separation
in the (kz , α) plane between evanescent states related by
the I and T operations, which lend topological protection
as the branch cuts running between the respective branch
points cannot be closed under small perturbations.
Such a nontrivial realization of the invariance under I
and T holds only in the case of the type A nodal line
semimetal, as for type B all the evanescent states have
kz = 0. In this latter case, they correspond to excep-
tional points in the spectrum of HNL which fall along the
imaginary axis in the (kz , α) complex plane. A represen-
tation of the sequence of branch points for a type B nodal
line semimetal with cylindrical geometry is shown in Fig.
5. We notice that the plot has a series of discontinu-
ities, which arise from the fact that the lowest eigenvalue
of HNL is found in different subbands as the value of α
increases. In each continuous region, we observe a clear
characterization of the branch point as the location where
the real and the imaginary part of the eigenvalue vanish.
The plot in Fig. 5 highlights an important prop-
erty that applies both to type A and type B nodal line
semimetals. As already mentioned, it is clearly observed
in the figure that exceptional points with different values
of the complex momentum belong in general to differ-
ent subbands in the spectrum of HNL. This can be also
appreciated (though less neatly) in the representation of
Fig. 4, where a careful inspection shows that a line of
discontinuity exists in the contour plot between each two
consecutive branch cuts. From the point of view of the
complex structure, this means that exceptional points
with different values of kz + iα belong in general to dif-
ferent branches of the Riemann sheet arising from the
diagonalization ofHNL for complex momentum. This im-
plies that it is not possible in general to undo the branch
cuts by merging contiguous exceptional points. The only
branch points that can be made to coalesce are those
that pertain to the same branch in the complex struc-
ture —which, in the case of a type A semimetal, are those
connected precisely by the I and T operations. This reas-
sures once more the topological stability of the collection
of drumhead surface states, implied in this framework by
the underlying complex structure of the spectrum.
IV. EVANESCENT STATES IN NODAL LINE
SEMIMETAL UNDER ELECTROMAGNETIC
RADIATION
A very interesting line of research is the control of
quantum properties by external ac fields23–28. In this
search, it has been found that the effect of electromag-
netic radiation may change the properties of 2D semimet-
als, opening a gap in the bulk and leading to chiral cur-
rents at the boundary of the electron system29–35. The
effect of the radiation has been also investigated in the
case of 3D Dirac and Weyl semimetals, finding that a cir-
cularly polarized photon field has the ability to shift the
Dirac or Weyl points in momentum space36–38. New sur-
face states have been also discovered in Weyl semimetals
illuminated by monochromatic radiation, forming bands
with macroscopic degeneracy and rotating currents17.
Another interesting result is that, using circularly polar-
ized light in the proper direction, a nodal line semimetal
can be transformed into a Weyl semimetal39.
In this section, we show that the idea of describing the
surface states by exceptional points in the spectrum can
be generalized to the case of the nodal line semimetals un-
der electromagnetic radiation. This is a relevant instance
to check the topological protection that arises when ex-
tending the momenta to the complex plane, since the
effects of the radiation can be studied in regimes where
it is not a small perturbation.
The coupling to the vector potential can be done in
the usual fashion, adopting the Peierls prescription k→
k +A. In the case of circularly polarized radiation sent
along the z direction, we have
A = (A cos(Ωt), A sin(Ωt), 0) (35)
The Hamiltonian becomes then
8H =
(
m0 +m1(∂
2
x + ∂
2
y + 2iA cos(Ωt)∂x + 2iA sin(Ωt)∂y −A
2 + ∂2z )
)
σz − iv∂zσx (36)
=
(
m0 +m1(∂
2
x + ∂
2
y + iAe
iΩt∂− + iAe
−iΩt∂+ −A
2 + ∂2z )
)
σz − iv∂zσx (37)
with
∂− = ∂x − i∂y (38)
∂+ = ∂x + i∂y (39)
We have the commutation rules with the angular mo-
mentum Lz = −ix∂y + iy∂x:
[Lz, ∂−] = −∂− (40)
[Lz, ∂+] = ∂+ (41)
From these relations, it can be easily seen that
eiLzΩt ∂− e
−iLzΩt = e−iΩt ∂− (42)
eiLzΩt ∂+ e
−iLzΩt = eiΩt ∂+ (43)
We can now rely on Eqs. (42)-(43) to pass to a time-
independent Hamiltonian by applying the unitary trans-
formation
U = e−iLzΩt (44)
We have
H˜ = U †HU − iU †∂tU =
(
m0 +m1(∂
2
x + ∂
2
y + iA∂− + iA∂+ −A
2 + ∂2z )
)
σz − iv∂zσx − ΩLz (45)
We can now perform an analysis of the evanescent
states under radiation, following that accomplished be-
fore for the Hamiltonian HNL. The idea is to focus on
evanescent states decaying as
χ(r, θ, z) ∼ eikzze−αzf(r, θ) (46)
We look in particular for zero-energy modes, which must
correspond to solutions of the equation
[
m0 +m1
(
1
r
∂
∂r
(
r
∂
∂r
)
+
∂2θ
r2
+ iA∂− + iA∂+ −A
2 − k2z + α
2 − 2ikzα
)]
σzχkz + v(kz + iα)σxχkz + iΩ∂θχkz = 0
(47)
We perform first a numerical analysis of the problem,
in which it is convenient to apply the gauge transforma-
tion
χkz = e
−iAx χ˜kz (48)
This converts Eq. (47) into
[
m0 +m1
(
1
r
∂
∂r
(
r
∂
∂r
)
+
∂2θ
r2
− k2z + α
2 − 2ikzα
)]
σzχ˜kz + v(kz + iα)σxχ˜kz + iΩ∂θχ˜kz −AΩ r sin(θ)χ˜kz = 0 (49)
Then one can check that it is possible to adjust the val- ues of kz and α to obtain solutions of Eq. (49). The
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FIG. 6: Contour plots of the absolute value of the imaginary
part (a) and the real part (b) of the lowest eigenvalue in the
spectrum of H˜ for evanescent states in a semi-infinite cylindri-
cal geometry with radius R = 100a (a being the microscopic
length scale in the model) for m0 = 0.01 eV, m1/a
2 = 0.5
eV, v/a = 0.01 eV, Aa = 0.05, Ω = 1.0 eV. The units and
intensity code are the same as in Fig. 2.
numerical resolution can be done for instance in a cylin-
der with r < R, in which there is a finite number of
solutions depending on the radius R. These can be more
easily visualized computing the spectrum of the operator
in Eq. (49) in the complex plane (kz, α), which leads in
general to a picture like that represented in Fig. 6.
We observe that the zero-energy modes correspond
once again to exceptional points in a spectrum of com-
plex eigenvalues, with a structure similar to that already
found in the absence of electromagnetic radiation. The
exceptional points are easily identified as branch points
with a tail where the lowest eigenvalue has zero imag-
inary part, and an opposite tail where the real part of
the eigenvalue vanishes. This is the typical behavior for
a square root singularity, which is also consistent with
the structure of the branch cuts connecting homologous
branch points across the kz axis, as seen in Fig. 6.
We can complement the numerical approach with an
analytic search of the solutions of Eq. (47) when the
surface has infinite size. We can start with the set of
states spanned by the basis
χ
(m)
kz,+
(r, θ, z) = eikzze−αzeimθJm(kˆrr)|+〉 (50)
χ
(m)
kz,−
(r, θ, z) = eikzze−αzeimθJm(kˆrr)|−〉 (51)
where
kˆr =
√
m0
m1
− k2z + α
2 −A2 − δ2 (52)
In this case, we keep α and δ as free parameters that
we have to adjust in order to find the solutions of Eq.
(47). This provides us with a very flexible collection of
states, which proves to be large enough to capture the
evanescent zero-energy modes.
The action of the off-diagonal perturbations induced
in (47) by the radiation is given by
∂−σzχ
(m)
kz ,±
= kˆrχ
(m−1)
kz,∓
(53)
∂+σzχ
(m)
kz ,±
= −kˆrχ
(m+1)
kz ,∓
(54)
Then, the states we obtain by the action of H˜ remain in
the subspace we have defined:
H˜χ
(m)
kz,+
= im1Akˆrχ
(m−1)
kz ,−
− im1Akˆrχ
(m+1)
kz,−
+m1δ
2χ
(m)
kz,−
− (vα+ i(2m1α− v)kz)χ
(m)
kz ,−
−mΩχ
(m)
kz,+
(55)
H˜χ
(m)
kz,−
= im1Akˆrχ
(m−1)
kz ,+
− im1Akˆrχ
(m+1)
kz,+
+m1δ
2χ
(m)
kz,+
− (−vα+ i(2m1α+ v)kz)χ
(m)
kz,+
−mΩχ
(m)
kz,−
(56)
One can check that, for not too large values of kz and
A, it is possible to find a point in the space of parame-
ters (α, δ) where the eigenvalue of H˜ becomes zero. This
arises as a branch point in the spectrum of complex eigen-
values, as represented in Fig. 7. This procedure works
up to certain limit values of A and kz , beyond which the
branch point is lost and there is no signature of zero-
energy modes.
If we plot the spectrum as a function of kz + iα, once
the appropriate value of δ is set, we get the image shown
in Fig. 8. We observe there a line of zero-energy modes,
which may be thought as the accumulation of the excep-
tional points already found in the finite-size numerical
approach. This shows that a continuum of evanescent
modes persist under the effect of the electromagnetic ra-
diation, arising as a result of the hybridization of drum-
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(a)
(b)
FIG. 7: Plot of the absolute value of the imaginary part (a)
and the real part (b) of the lowest eigenvalue of H˜ for evanes-
cent states with variable parameters α and δ, for kza = 0.2
and m0 = 1.0 eV, m1/a
2 = 1.0 eV, v/a = 0.2 eV, Aa = 0.1,
Ω = 0.5 eV. The units are the same as in Fig. 2.
head states with different angular momentum and being
labeled by the component kz of the momentum.
We have to remark however that, in the present case,
the exceptional points we have found do not imply the
existence of zero-energy surface states attached to a given
boundary of the nodal line semimetal. This is so as the
evanescent eigenstates of H˜ do not realize the symmetry
required to build appropriate linear combinations that
may guarantee the vanishing of the surface states at the
boundary, say at z = 0. In the case of the unperturbed
nodal line semimetal, we saw above that the crucial sym-
metry for the existence of zero-energy surface states was
given by the T operation in (16). The introduction of the
radiation field breaks the time-reversal invariance, which
explains that the evanescent modes corresponding to mo-
menta kz and −kz have different wave functions at z = 0
in the presence of the radiation. This stresses the signif-
icance of the symmetry of the Hamiltonian to guarantee
the stability of the zero-energy surface states, together
with the topological protection already provided by the
existence of the exceptional points in the spectrum.
V. CONCLUSIONS
We have shown how the surface states in topological
semimetals are associated to exceptional points of the
spectrum in the extension of the Brillouin zone to com-
plex values of momenta. These exceptional points are
very robust under perturbations of the Hamiltonian as
(a)
(b)
FIG. 8: Plot of the absolute value of the imaginary part (a)
and the real part (b) of the lowest eigenvalue of H˜ for evanes-
cent states with complex momentum kz + iα, for m0 = 1.0
eV, m1/a
2 = 1.0 eV, v/a = 0.2 eV, Aa = 0.1, Ω = 0.5 eV.
The units are the same as in Fig. 2.
they can be only annihilated by merging them in pairs
to close the branch cuts in the spectrum. This draws
a useful way of understanding the topological protec-
tion of evanescent states like those forming the Fermi
arcs in Weyl semimetals or the drumhead states in nodal
line semimetals. In this regard, the mechanism of topo-
logical protection seems to be rather different to that
of the nodes of the semimetals themselves (and differ-
ent also to that studied recently in the case of 3D Dirac
semimetals14).
We have also shown that the evanescent states decay
exponentially into the semimetal, and we have illustrated
the dependence of the penetration length according to
the parameters of a model Hamiltonian for both Weyl
and nodal line semimetals. The penetration into the
semimetal can be very short and oscillating, or longer
and with pure exponential decay, depending on the ra-
tio between the linear and the quadratic terms in the
Hamiltonian. According to this ratio, we have classified
the topological semimetals as type A or type B. Although
11
we expect the type A (the short penetration with oscil-
lations) to be realized in real materials, the proposals for
artificial topological semimetals in photonic or cold atom
setups could easily reach both regimes40–43. The distinc-
tion between type A and type B is also formally related
to the different way in which the branch cuts correspond-
ing to the exceptional points are arranged in the complex
plane.
In nodal line semimetals, we have also studied the ef-
fect of an external ac field on the surface states. Evanes-
cent states with different angular momentum are mixed
by the external field. Interestingly, the resulting states
are still in correspondence to exceptional points in the
complex plane and they are protected from small pertur-
bations as such. These mixtures of states with different
angular momenta should carry a rotating current simi-
larly to that studied before in Weyl semimetals17. How-
ever, the reduction of symmetry from the ac field implies
that the zero-energy surface states of nodal line semimet-
als are in general not stable in the presence of radiation,
as this breaks the required invariance to comply with ap-
propriate boundary conditions.
We believe our work paves the way for an alternative
understanding of topological protection of edge states in
gapless systems, based on the extension of the band struc-
ture for complex values of the momenta. In this complex
momentum space, the surface states arise as exceptional
points, making possible to study their stability by dis-
cerning the perturbations capable to close the branch
cuts in the complex band structure. It would be an
interesting future avenue to investigate the connection
between this description of surface states and the topo-
logical properties of photonic materials or open quantum
systems that can be described by actual non-Hermitian
Hamiltonians44–48.
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